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Motivation and applications

» Jan Brouwer, 1911 — first notion of topological degree (used
to prove Brouwer fixed point theorem)

» Differential topology (Hopf theorem: the degree classifies
maps from an n-manifold to the n-sphere up to homotopy)

» Algebraic topology
» Differential equations (Study of bifurcations)

» Decision problem for the first-order logical theory of the real
numbers [Franek, Ratschan, Zgliczynski, submitted 2012]

This talk describes

> an algorithm for degree computation that was implemented
and is available

» application to satisfiability of systems of equations.

)
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Topological degree - definition
The degree of a continuous mapping arises in many contexts and

theories.
» For f : S' — S, the degree deg(f) is just the winding number
p
/\
deg(f) =2

» For Q CR" open, f: Q —R", p ¢ f(09),
deg(f,Q,p) = Y  sgn(det(f'(x)))

xi F(x)=p

» For a continuous map f : M — N between compact oriented
manifolds of the same dimension n, the degree deg(f) is

defined (e.g.) by
deg(f)/w :/ rw
N M

for any n-form w.
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Normalization: deg(id,Q,p) =1iff p € Q
Solution: If deg(f, £, p) # 0 then f(x) = 0 has a solution in

Homotopy equivalence: deg(f, 2, p) does not depend on small
perturbations of f

Additivity: if Q1 N Q2 =0 and p ¢ (021 U0Q2), then
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Basic properties of deg(f,, p):
» Normalization: deg(id,Q,p) =1iff p € Q
» Solution: If deg(f, 2, p) # 0 then f(x) = 0 has a solution in Q

» Homotopy equivalence: deg(f, 2, p) does not depend on small
perturbations of f

» Additivity: if Q1 N Q2 =0 and p ¢ (921 U9Qy), then
deg(f,Q, p) = deg(f,Q1, p) + deg(f, 2, p).

» Excision: If p ¢ K C Q, then deg(f,Q\ K, p) = deg(f,, p)

» Translation invariance: deg(f,Q, p) = deg(f — p,2,0)

Due to the last property, we will be interested only in calculating
deg(f,$,0).
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deg(f,,0) is uniquely determined by the values of f on 0.

Algorithm for automatic degree computation exists since 70ties.

>

>

Some algorithms assume known Lipschitz constant

Aberth 1994: No Lipschitz constant needed, first idea to use
interval arithmetic

Murashige, 2006: implementation of an algorithm using
computational homology — computational results very slow
Homology computation packages usually require

simplicial /cubical setting

Kearfott, 2004: fast algorithm working in high dimensions,
but only for complex functions f : Q C C" — C"
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[3,10]

Interval arithmetic provides as /
with global information about a
function f given as an expression. [Qy
Example: ¥

> expression xy + 1, [2,3] 1,3

» x€[2,3], y €[1,3]

T Y 1

For a "box" (product of closed intervals) C and function f, we
compute an interval [f](C) such that {f(x) | x € C} C [f](C)

> If lower bound of interval greater than zero then f > 0 on
B =12,3] x[1,3].
» if upper bound of interval less than zero then f < 0 on B.
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Interval arithmetic

Definition
An interval computable function is a function f : B — R and an
algorithm [f] that computes, for a box C C B, an interval [f](B)
s.t.

> £(C) € [f](C)

» for small C, [f](C) is a “good” approximation of f(C).

Expressions constructed from + — x /sincosexp... are
interval-computable functions.
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Theorem
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Algorithm

Our algorithm consists of two parts:

(1) Constructing a covering of 9B by boxes and sign vectors such
that each sign vector contains at least one nonzero element.

Basic tool: Interval arithmetic

f1 1s positive
here ——| . (+)
1o

/_\
f2 is negative
here
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Algorithm

Our algorithm consists of two parts:

(2) Calculating the degree from this information

» Choose an index / and sign s, merging all boxes where f; has
sign s to nice regions D',..., D™

» Calculate boundary sign information wrt. f.; on 9D/
(fr=(f,....,fi—1,fls1,- -, )

> Recursion: deg(f, B,0) = s(—1)"*! 3 deg(f, D/, 0)

)
(£

G
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Algorithm

Precise algorithm more involved:
» Keeping track of orientation and induced orientation on
boundary boxes
» Handling lower-dimensional intersection with neighboring
boxes
» Choosing coordinate / and sign s in an optimal way
(s.t. the number of boxes where f; has sign s is minimal)
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Computational Experiments

A=x2—x3—...—x2
fh = 2x1x0
fn = 2x1Xp.

with degree 2 for n even and 0 for n odd, if 0 € B. Times for
calculating deg(f, B,0) for B = [-1,1]” and B = [-0.001, 1]".

1000
Box [-1,1]" ——
100 Box [0.001,1]" --->&-- ]
10 /7><,/' i
g ! E
=
0.1 i
0.01 E
0.001 !
4 12 14

Dimension
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Computational Experiments

>

Time (sec)

The first part (covering B by sign vectors) takes usually less
time then the second (combinatorial) part

For examples where 0 ¢ f(B), calculation efficient even for
much higher dimensions (~ 1000)

Some coordinate/sign choices (/,s) need much more run-time
than most others

Choosing /, s it so that the number of boxes with sgnf; = s
optimizes the speed

Computation times for deg(id, [-1,1]",0) :

100

80

60

40

20

0 } ;
0 50 100 150 200 250 300

Dimension
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map from 0B ~ S"~1 to S" 1.

> The degree classifies self-maps of a sphere up to homotopy.

» Desirable: algorithmise homotopy type of maps between
spheres of various dimensions (hard).

Y T |3 | Ty | W5 | Wg | Ty | W | Tg | Wyp | Tyq | Ty2 | Ty3

L | Ip | L | I | Lis| I a8

Lygxl;

s o 0
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Application — satisfiability of equations
Concider n equation in n bounded variables:
f(x)=0

Does there exists a solution in B?

Definition
We say that f is robustly satisfiable if there exists a solution of
f =0in B for each f close to f.

» If 0 ¢ f(B), we can eventually prove it by interval arithmetic

» If deg(f, B,0) # 0, then f is robustly satisfiable

» If f(x) =0, is robustly satisfiable, then there exists U C B s.t.
deg(f, U,0) # 0.

[Franek, Ratschan, Zgliczynski: Quasi-decidability of a Fragment
of the Analytic First-order Theory of Real Numbers, 2012]
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More general: for f : BCR” — R", 0 ¢ f(9B).
Is f(x) = 0 robustly satisfiable on B?
» m < n — never robustly satisfiable
» m = n — degree test
» m > n - hard
» Let M be a neighborhood of f~1(0) s.t. 0 ¢ f(OM). Then our
question is closely related to the extension problem:
oM L Rn\ {0} ~ 51
L
M 2
» The work of Krcal, Matousek, Sergeraert etc = possible
undecidability for general m, n (7).
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Conclusions

Interval arithmetic provides
the necessary global information for computing the topological
degree

We have an algorithm /implementation that computes necessary
information about f on 9B

Implementation is available on
topdeg.sourceforge.net

Topological extension problem may be applied for question in
satisfiability of a system of equations.

Thanks for you attention.
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