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Motivation

1 General motivation: We need good examples for testing
and comparing new algorithms and programs in high
dimensions.

• Real life and digital data (e.g. from medical imaging): We
do not yet understand the output, so not suitable for
detecting some types of errors;

• Constructions made by hand: either topology or numerics
not enough challenging.

2 Specific goal: Getting insight into a current discussion on
what is a better tool for shape comparison:

• the rank invariant of measuring functions studied for all
homology dimensions
or

• the multiparameter size functions (commonly called
multidimensional size functions), where only numbers of
connected components are involved.
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Suspension

Suspension of a circle. The original
space is in blue, and the collapsed end
points are in green.

From Wikipedia, the free encyclopedia

In topology, the suspension SX of a topological space X is the quotient space:

of the product of X with the unit interval I = [0, 1]. Intuitively, we make
X into a cylinder and collapse both ends to two points. One views X as
"suspended" between the end points. One can also view the suspension
as two cones on X glued together at their base (or as a quotient of a single
cone).

Given a continuous map  there is a map
 defined by  This makes

 into a functor from the category of topological spaces into itself. In
rough terms S increases the dimension of a space by one: it takes an
n-sphere to an (n + 1)-sphere for n ≥ 0.

Note that  is homeomorphic to the join  where  is a
discrete space with two points.

The space  is sometimes called the unreduced, unbased, or free
suspension of , to distinguish it from the reduced suspension described
below.

The suspension can be used to construct a homomorphism of homotopy groups, to which the Freudenthal
suspension theorem applies. In homotopy theory, the phenomena which are preserved under suspension, in a
suitable sense, make up stable homotopy theory.

If X is a pointed space (with basepoint x0), there is a variation of the suspension which is sometimes more useful.
The reduced suspension or based suspension ΣX of X is the quotient space:

.

This is the equivalent to taking SX and collapsing the line (x0 × I) joining the two ends to a single point. The
basepoint of ΣX is the equivalence class of (x0, 0).

One can show that the reduced suspension of X is homeomorphic to the smash product of X with the unit circle
S1.

For well-behaved spaces, such as CW complexes, the reduced suspension of X is homotopy equivalent to the
ordinary suspension.

Σ gives rise to a functor from the category of pointed spaces to itself. An important property of this functor is
that it is a left adjoint to the functor  taking a (based) space  to its loop space . In other words,

Suspension (topology) - Wikipedia, the free encyclopedia http://en.wikipedia.org/wiki/Suspension_(topology)
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SX := X × [−1, 1]/ ∼, (x , 1) ∼ (y , 1), (x ,−1) ∼ (y ,−1)

S shifts the dimension of reduced homology by 1:

H̃q+1(SX ) ∼= H̃q(X ), q ≥ −1

Equivalence for non-reduced homology:

Hq+1(SX ) ∼= Hq(X ), for q ≥ 1,

H1(SX )⊕ F ∼= H0(X ), and H0(SX ) ∼= F.

The based suspension of (X , x0) is (ΣX , (x0,0)) with an
additional identification (x0, s) ∼ (x0,0) for all s ∈ [−1,1].

ΣX ∼= SX



R–target suspension of f



X = M connected compact manifold, f : M → R Morse function.
Define SRf : SM → R by

SRf (x , s) := s2m0 + (1− s2)f (x).

Proposition
(p, s) is a critical point of SRf ⇐⇒ either p is a critical point of
f and s = 0, or s = ±1. In the first case, p is of Morse index λ
⇐⇒ (p,0) is of Morse index λ+ 1.
Note: Passing to ΣRf restores the isolation condition for (x0,0).

Sublevel sets

Mα := {x ∈ M | f (x) ≤ α} , α ∈ R, and

(SM)α := {(x , t) ∈ SM | SRf (x) ≤ α}

Note: S(Mα) ⊂ (SM)α.



Lemma
We have the homotopy equivalence

S(Mα) ∼= (SM)α.

 



Given α ≤ β in R, the inclusion j(α,β) : Mα ↪→ Mβ induces

H∗(j(α,β)) : H∗(Mα)→ H∗(Mβ)

The q–th rank invariant of (M, f ) is the function ρq
f : ∆+ → N,

ρq
f (α, β) = rank im Hq(j(α,β)).

defined on
∆+ := {(α, β) ∈ R2 | α < β}.

Set ρf := ρ∗f . The reduced rank invariant:

ρ̃f (α, β) = rank im H̃∗(j(α,β)).



Theorem
For any (α, β) ∈ ∆+,

ρ̃q+1
SRf (α, β) = ρ̃q

f (α, β), q ≥ −1.

For the non-reduced rank invariant, we have

ρq+1
SRf (α, β) = ρq

f (α, β), q ≥ 1,

ρ1
SRf (α, β) = ρ0

f (α, β)− 1,

and

ρ0
SRf (α, β) =

{
0 if α < m0,
1 otherwise.

The same holds for ΣRf .



Shape comparaison
f : M → R, g : N → R measuring functions
D(ρf , ρg) a stable distance, e.g. matching distance dmatch

Theorem

We have D(ρ̃SRf , ρ̃SRg) = D(ρ̃f , ρ̃g).

For non-reduced rank invariants:

D(ρq+1
SRf , ρ

q+1
SRg ) = D(ρq

f , ρ
q
g), q ≥ 1, and

D(ρ1
SRf , ρ

1
SRg) ≤ D(ρ0

f , ρ
0
g).

The last inequality becomes equality, if f and g are normalized
i. e. their range is set to be [0,1].
Note: No equality for q = 0, because cornerlines in the
presistence diagram (equiv. infinite barcode intervals) at min f
and min g disappear with S.



Multiparameter measuring functions

Almost all extends to f : M → Rk and g : N → Rk . We get

• Rk–target suspensions

SRk f : M → Rk and SRk g : N → Rk ;

• ρ̃q+1
SRk f (α, β) = ρ̃q

f (α, β), q ≥ −1;

• D(ρ̃SRk f , ρ̃SRk g) = D(ρ̃f , ρ̃g).

Note: Normalizing fi and gi to [0,1], i = 1,2, . . . , k , does not
necessarily bring equality for non-reduced matching at q = 0.



Tests of 2D functions on curves

Letters φ, ψ used for piecewise-linear approximations of f , g.
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dmatch i = 1 i = 2 (ϕ,ψ)

q = 0 at M 0.05 0.15 0.20
q = 1 at SM 0.05 0.15 0.15

dmatch(ρ̃0
ϕ, ρ̃

0
ψ) = 0.15 = dmatch(ρ1

SRϕ
, ρ1

SRψ
)



Tests of 2D functions on surfaces



2D test results

dmatch i = 1 i = 2 (ϕ,ψ)

q = 0 at M 0.118165 0.032043 0.225394± ε
q = 1 at SM 0.118165 0.032043 0.144274
q = 1 at M 0.031129 0.039497 0.225394± ε

q = 2 at SM 0.031129 0.039497 0.046150± ε

where ε < 0.12

dmatch(ρ̃0
ϕ, ρ̃

0
ψ) = 0.144274 = dmatch(ρ1

SRϕ
, ρ1

SRψ
)


