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Mathematics of collaboration:
1+1+1+1+1+1= much more that 6.
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. /o
e Anick: [S",Y] is #P-hard
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Robust roots [Franek et al.]
£ 101" 5 R, a>0

Definition: We say f has an a-robust root iff
Its every a-perturbation g has a root.

N

| —9lloo<cx
How to tell? /
/N f
+ e +Q
U:={x|[[f(x)| <a} U’
—QOLe= — Qe

The root is robust iff the map f : OU — {a, —a}
can be extended to all of U.
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Extendability — a related problem

In: X|Y X LIV Question: Is there an
as above and f extension f of f,?
N

Corollary. The extendability problem is decidable.
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In: X is a graph, Y = S!
remember?
c(1 c(3) “up to homotopy" every
vertex of X Is mapped to a
c(5) c(4) single point of St
(X, Y] ={(c(1), c(2), c(3), c(4), c(5)) | c(i) € Z}

Out:(1,0,0,0,0) e \Works equally for Y = S¢
(0,1,0,0,0) and dm X = d.
(0,0,1,0,0) c € CUX, myg(SN).
(0,0,0,1,0) —
0, O_’ 0,0, 1) e "What If there are full triangles?"
+ relations (Y =59 dmX =d+1,.. )

(omitted in this talk)
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Is (c(1),c(2),c(3),c(4),c(5)) extensible to every triangle?
the graph= X(1) — g1 c(1)+c(5)+c(2) =0
. Xlg) ,,,,,, - '/__? @7 .C(Q) —c(3) —c(4) =0
in other words d(c) =0

e Determine the degree on the boundary of every triangle:
Is the extension unique?

-many
for each simplex

c(1) NP Tgp1(SY)
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k, obtainable by computations in homology BUT P, Is infinitel




Effective homology (simplified) [Sergeraert et al.]

e Effective homology for P, I1s a homological reduction:



Effective homology (simplified) [Sergeraert et al.]

e Effective homology for P, I1s a homological reduction:

f
h(SCu(Py Z) e CSf
g



Effective homology (simplified) [Sergeraert et al.]

e Effective homology for P, I1s a homological reduction:

f
h(SCu(Py Z) e CSf
g



Effective homology (simplified) [Sergeraert et al.]

e Effective homology for P, I1s a homological reduction:

f
h(SCu(Py Z) e CSf
4 I n

iInfinite simplici'al set ﬁcinitely generated



Effective homology (simplified) [Sergeraert et al.]

e Effective homology for P, I1s a homological reduction:
f

h(SCu(Py Z) e CSf
479
iInfinite simplici'al set ﬁcinitely generated

0, h and f given
as algorithms



Effective homology (simplified) [Sergeraert et al.]

e Effective homology for P, I1s a homological reduction:

f
h(SCu(Py Z) e CSf
4TI
iInfinite simplici'al set ﬁcinitely generated
0, h and f given 0%t given by matrices

as algorithms g given by values on generators



Effective homology (simplified) [Sergeraert et al.]

e Effective homology for P, I1s a homological reduction:

f
h(SCu(Py Z) e CSf
TN
iInfinite simplici'al set ﬁcinitely generated
0, h and f given 0% given by matrices
as algorithms g given by values on generators

e How do we obtain 1t?



Effective homology (simplified) [Sergeraert et al.]

e Effective homology for P, I1s a homological reduction:

f
h(SCu(Py Z) e CSf
4 g »
iInfinite simplici'al set ﬁcinitely generated
0, h and f given 0% given by matrices
as algorithms g given by values on generators

e How do we obtain 1t7
1) starting block (via vector fields)  C,(K(Z, 1)):_’C*(51)



Effective homology (simplified) [Sergeraert et al.]

e Effective homology for P, I1s a homological reduction:

f
h(SCu(Py Z) e CSf
4 g »
iInfinite simplici'al set ﬁcinitely generated
0, h and f given 0% given by matrices
as algorithms g given by values on generators

e How do we obtain 1t7
1) starting block (via vector fields)  C,(K(Z, 1)):_’C*(51)

2) iterate “effective analogs”
of simplicial constructions



Effective homology (simplified) [Sergeraert et al.]

e Effective homology for P, I1s a homological reduction:

f
h(SCu(Py Z) e CSf
4 g »
iInfinite simplici'al set ﬁcinitely generated
0, h and f given 0% given by matrices
as algorithms g given by values on generators

e How do we obtain 1t?

1) starting block (via vector fields)  C,(K(Z,1))<C.(S%)

2) iterate “effective analogs” o product

of simplicial constructions



Effective homology (simplified) [Sergeraert et al.]

e Effective homology for P, I1s a homological reduction:

f
h(SCu(Py Z) e CSf
4 g »
iInfinite simplici'al set ﬁcinitely generated
0, h and f given 0% given by matrices
as algorithms g given by values on generators

e How do we obtain 1t?

1) starting block (via vector fields)  C,(K(Z,1))<C.(S%)

2) iterate “effective analogs” o product

of simplicial constructions -
o classifying space



Effective homology (simplified) [Sergeraert et al.]

e Effective homology for P, I1s a homological reduction:

f
h(SCu(Py Z) e CSf
4 g »
iInfinite simplici'al set ﬁcinitely generated
0, h and f given 0% given by matrices
as algorithms g given by values on generators

e How do we obtain 1t?

1) starting block (via vector fields)  C,(K(Z,1))<C.(S%)

2) iterate “effective analogs” o product

of simplicial constructions -
o classifying space

o twisted product



Effective homology (simplified) [Sergeraert et al.]

e Effective homology for P, I1s a homological reduction:

f
h(SCu(Py Z) e CSf
4 g »
iInfinite simplici'al set ﬁcinitely generated
0, h and f given 0% given by matrices
as algorithms g given by values on generators

e How do we obtain 1t?

1) starting block (via vector fields)  C,(K(Z,1))<C.(S%)

2) iterate “effective analogs” o product |

of simplicial constructions -
o classifying space

o twisted product



Effective homology (simplified) [Sergeraert et al.]

e Effective homology for P, I1s a homological reduction:

f
h(SCu(Py Z) e CSf
4 g »
iInfinite simplici'al set ﬁcinitely generated
0, h and f given 0% given by matrices
as algorithms g given by values on generators

e How do we obtain 1t?

1) starting block (via vector fields)  C,(K(Z,1))<C.(S%)
o product |}

Co(K(Z7,1)) 4 2Cu(S1)®?
o classifying space

2) iterate “effective analogs”
of simplicial constructions

o twisted product



Overview

essential languages



Overview

essential languages
e simplicial sets

describe spaces



Overview

essential languages
e simplicial sets e cohomology

describe spaces describes maps and homotopies



Overview

essential languages
e simplicial sets e cohomology

describe spaces describes maps and homotopies

topological tools algorithmic tools



Overview

essential languages

simplicial sets e cohomology
describe spaces describes maps and homotopies
topological tools algorithmic tools

Postnikov system

— obstructions &,
— addition




Overview

essential languages

simplicial sets e cohomology
describe spaces describes maps and homotopies
topological tools algorithmic tools

Postnikov system _
betruct L o effective homology
odj;uc NS An makes Postnikov tower effective
aadition = algorithms for k, and




Overview

essential languages

e simplicial sets e cohomology
describe spaces describes maps and homotopies
topological tools algorithmic tools

e Postnikov system

| o effective homolo
— obstructions k&, 9y

. makes Postnikov tower effective
~ addition = algorithms for k, and
e long exact sequence from fibration — P — Kyio
[X1 Q'Dn] — [X, QKn—|—2] — — [X1 'Dn] — [X, Kn—|—2]
N——

[SX, P

In this talk we simplified
the LES by computing
the generators only



Overview

essential languages

e simplicial sets e cohomology
describe spaces describes maps and homotopies
topological tools algorithmic tools

e Postnikov system

| o effective homolo
— obstructions k&, 9y

dditi makes Postnikov tower effective
addition = algorithms for k, and
e long exact sequence from fibration — Pp— Khio
[X1 Q'Dn] — [X, QKn—|—2] — — [X1 'Dn] — [X, Kn+2]
— ~~ -~ —_—— Y
[SX,Pn]\ H 1 (X) ’induction H+2(X)

In this talk we simplified
the LES by computing
the generators only



Overview

essential languages

e simplicial sets e cohomology
describe spaces describes maps and homotopies
topological tools algorithmic tools

e Postnikov system

| o effective homolo
— obstructions k&, 9y

dditi makes Postnikov tower effective
addition = algorithms for k, and
e long exact sequence from fibration — Pp— Khio
[X1 Q'Dn] — [X, QKn—|—2] — — [X1 'Dn] — [X, Kn+2]
— ~~ -~ —_—— Y
[SX,Pn]\ H 1 (X) ’induction H+2(X)

In this talk we simplified
the LES by computing
the generators only

e linear algebra over Z
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Extendability undecidable for A ﬁ Y‘\(d — 1)-connected

(2d)-dimensional

Proof: By reduction from X -
system of quadratic Diophantine eqns:

...V system of quadratic egns as/ :

we can construct X, A,Y, f as ps(X1, ..., X;) = bs
s.t. f can be extended & system -~ can be integrally solved
Key element: cup product
—: HYX, A;Z) @ HY (X, A Z) — H?* (X, A; Z)

e for convenient X, A it evaluates py, ..., Ds
e for convenient Y 1t gives obstruction to extending certain

intermediate map into Y
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What 1s open?
e Applications of computational homotopy theory.

- Equivariant extension-lifting problem is very general

— captures equivariant maps, linearly independent
vector fields, what else?

- Well studied before but in the algorithmic context?

e Practical implementations (computing Postnikov system is
the bottleneck)

- the current algorithm makes no use of the stable

range as well as rich algebraic structure of
considered chain complexes.

- are there other ways? Can one generalize computation
of Steenrod and Adem operations? Apply the deep

knowledge of the stable homotopy groups of spheres?
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