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Introduction

Given ¢ = ({1,...,¢,) € R" with ¢; > 0, we want to look at closed
linkages in some euclidean space R? up to rotation

- o}/ 50(d)

and study how the topology depends on the length vector £.

My(t) = {(21,..., e (5971
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If JC{1,...,n} define

H, = (Xl,...,Xn)ERn ZXJ':ZX,'

jeJ i¢J
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consists of finitely many components, called chambers.
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If JC{1,...,n} define

H, = (Xl,...,Xn)ERn ZXJ':ZX,'

jed i¢J
Then
R" — U H,

consists of finitely many components, called chambers. If ¢ sits in
one of these chambers, it is called generic. This is in fact
equivalent to M (¢) = 0.
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H, = (Xl,...,Xn)ERn ZXJ':ZX,'

jeJ i¢J
Then
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If JC{1,...,n} define

H, = (Xl,...,Xn)ERn ZXJ':ZX,'

jed i¢J
Then
R" — U H,

consists of finitely many components, called chambers. If ¢ sits in
one of these chambers, it is called generic. This is in fact
equivalent to M1(¢) = (. If £ and ¢ are in the same chamber,
then Md(f) = Md(el).

Also, if we define for o € X, the length vector /7 by
0 = (lo1,...,lon)
it is clear that M4(¢7) = My(¥).
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If JC{1,...,n} define

H, = (Xl,...,Xn)ERn ZXJ':ZX,'

jeJ i¢J
Then

R"—UHJ

consists of finitely many components, called chambers. If ¢ sits in
one of these chambers, it is called generic. This is in fact
equivalent to M1(¢) = (. If £ and ¢ are in the same chamber,
then Md(f) = Md(el).

Also, if we define for o € X, the length vector /7 by
0 = (lo1,...,lon)
it is clear that M4(¢7) = My(¥).

One may therefore ask whether these are the only conditions
leading to the same spaces.

Dirk Schiitz Homology of moduli spaces of linkages



Theorem (Farber, Hausmann, S)
Let ¢, ¢’ be generic, such that M4(¢) ~ My(¢') for d =2 or 3.

Q I/fd =2, then { and {' are in the same chamber up to
permutation.

Q Ifd=3,and n>5, then { and ¢’ are in the same chamber up
to permutation.
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Theorem (Farber, Hausmann, S)

Let ¢, ¢’ be generic, such that M4(¢) ~ My(¢') for d =2 or 3.
Q I/fd =2, then { and {' are in the same chamber up to
permutation.

Q Ifd=3,and n>5, then { and ¢’ are in the same chamber up
to permutation.

=(0,1,1,1). Then

~

>~ M;s(),

In fact, if n = 4, there are only two chambers up to permutation,
represented by ¢ = (1,1,1,2) and ¢

Ms(l) = S2
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Let ¢, ¢’ be generic, such that M4(¢) ~ My(¢') for d =2 or 3.

Q I/fd =2, then { and {' are in the same chamber up to
permutation.

Q Ifd=3,and n>5, then { and ¢’ are in the same chamber up
to permutation.

In fact, if n = 4, there are only two chambers up to permutation,
represented by ¢ = (1,1,1,2) and ¢/ = (0,1,1,1). Then
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My(l) = St Mo(l) = St x SO
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Theorem (Farber, Hausmann, S)

Let ¢, ¢’ be generic, such that M4(¢) ~ My(¢') for d =2 or 3.

Q I/fd =2, then { and {' are in the same chamber up to
permutation.

Q Ifd=3,and n>5, then { and ¢’ are in the same chamber up
to permutation.

In fact, if n = 4, there are only two chambers up to permutation,
represented by ¢ = (1,1,1,2) and ¢

=(0,1,1,1). Then

Ms(l) = §? = Ms(l),
while
My(l) = St Mo(l) = St x SO
For d > 4 we get
Mqg(l) = D?> = My(l).
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The proof of the Theorem is based on knowledge of H*(My(¢); Z)
for d = 2,3, or rather identifying an appropriate sub ring (d = 2),
respectively, quotient ring (d = 3), for which an isomorphism
problem can be solved (Gubeladze, '98).
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The proof of the Theorem is based on knowledge of H*(M 4(¢); Z)
for d = 2,3, or rather identifying an appropriate sub ring (d = 2),
respectively, quotient ring (d = 3), for which an isomorphism
problem can be solved (Gubeladze, '98).

Homology calculations in these cases have been done by Walker
(85, d = 2, generic ¢), Klyachko ('94, d = 3) (Cohomology by
Hausmann-Knutson '98), , Kamiyama-Tezuka-Toma ('98,
quasi-equilateral), Farber-S ('07, d = 2, all ¢).

For d > 4, work of Schoenberg ('69) shows that M4(£") is
homeomorphic to a sphere for n = d + 1 and to a disc for n < d.
Kamiyama ('00, d = 4) gives formula for Euler characteristic in
equilateral case.

Kendall, Barden, Carne and Le have calculated the homology for
¢=(1,...,1,n—2) € R". They also show that in general these
spaces do not satisfy Poincaré duality.
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Call JC{1,...,n}
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Definition

Call JC{1,...,n}
@ (-short, if Diesli <Digsli
e /(-long, if Djesli> il

For generic ¢, this determines the chamber that £ is in.
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Definition

Call JC{1,...,n}
@ (-short, if Diesli <Digsli
o (-long, if ZjeJ 0> ZigéJ l;

For generic ¢, this determines the chamber that £ is in. In fact, we
only need to know this for subsets with n € J.
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Definition
Call JC{1,...,n}
For generic ¢, this determines the chamber that £ is in. In fact, we

only need to know this for subsets with n € J.

We call the length vector ¢ ordered if {1 < lp < ... < /{,.
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Definition

Call JC{1,...,n}
@ (-short, if Diesli <Digsli
e /(-long, if Djesli> il

For generic ¢, this determines the chamber that £ is in. In fact, we
only need to know this for subsets with n € J.

We call the length vector ¢ ordered if {1 < lp < ... < /{,.
If ¢ is ordered, for k € {0,...,n—3} let

Sk(0) = {JC{l,...,n—1}|JU{n}Lshort,|J| = k}
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Definition

Call JC{1,...,n}
@ (-short, if Diesli <Digsli
e /(-long, if Djesli> il

For generic ¢, this determines the chamber that £ is in. In fact, we
only need to know this for subsets with n € J.

We call the length vector ¢ ordered if {1 < lp < ... < /{,.
If £ is ordered, for k € {0,...,n— 3} let

Sk(0) = {Jc{1,...,n—=1}|JU{n} l-short, |J| = k}
and also let
ak(l) = [Sk(0)].

The Betti numbers of M4(¢) can be expressed in terms of these
for d = 2,3.
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The space of chains

Let

Cq(l) = {(xl,.. xn—1) € (5971)

ZKX/— nel}

called the space of chains.
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the first coordinate,
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The space of chains

Let

Cq(l) = {(xl,.. xn—1) € (5971)

— nel}

called the space of chains. Then SO(d — 1) acts diagonally, fixing
the first coordinate, such that

Ma(l) = Cq(€)/SO0(d —1).
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The space of chains

Let

Cq(l) = {(xl,.. xn—1) € (5971)

- nel}

called the space of chains. Then SO(d — 1) acts diagonally, fixing
the first coordinate, such that

Mq(l) = Cq()/SO(d —1).
Define f : C4(¢) — R by
f(Xl, e aXn—l) = —pl(Xn_l),

where p; : S971 — R is projection to the first coordinate.
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The space of chains

Let

Cq(l) = {(xl,.. xn—1) € (5971)

— nel}

called the space of chains. Then SO(d — 1) acts diagonally, fixing
the first coordinate, such that

Mq(l) = Cq()/SO(d —1).
Define f : C4(¢) — R by
f(Xl, e aXn—l) = —pl(Xn_l),

where p; : S971 — R is projection to the first coordinate. This is
SO(d — 1) equivariant, and Morse-Bott.
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The minimum is obtained at C4(¢~) C Cq4(¥), and the maximum is
obtained at Cy4(¢™) C Cq4(¢), where

Y = (by,... lpolnEln1).
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obtained at Cy4(¢™) C Cq4(¢), where
Y = (by,... lpolnEln1).

All other critical points are of the form S9~2, and correspond to
Jc{1,...,n—2} with JU {n} short, while JU{n— 1, n} is long.
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The minimum is obtained at C4(¢~) C Cq4(¥), and the maximum is
obtained at Cy4(¢™) C Cq4(¢), where

Y = (by,... lpolnEln1).

All other critical points are of the form S9~2, and correspond to
Jc{1,...,n—2} with JU {n} short, while JU{n— 1, n} is long.

The index of such a critical sphere is (n —3 — |J|)(d — 1).
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For d = 3 we can use this to construct a perfect Morse function on

Mi(0).
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For d = 3 we can use this to construct a perfect Morse function on
M3(¢). Since the Poincaré polynomial can be expressed in terms
of the ax(¢) by Hausmann-Knutson, we know the number of
critical manifolds for the corresponding Morse-Bott function on
C4(¥) in terms of the ax(¢) for all d > 3.
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such that M1/ M ~ Xk /9Xk, where X is a quotient of a disc,
and k corresponds to the index of a critical point.
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For d = 3 we can use this to construct a perfect Morse function on
M3(¢). Since the Poincaré polynomial can be expressed in terms
of the ax(¢) by Hausmann-Knutson, we know the number of
critical manifolds for the corresponding Morse-Bott function on
C4(¥) in terms of the ax(¢) for all d > 3.

The Morse-Bott function determines a filtration
p=MCc M- C M™ = My(0)

such that M1/ M ~ Xk /9Xk, where X is a quotient of a disc,
and k corresponds to the index of a critical point. So knowing the
homology H*(Xcl,‘,aXéf) can potentially be used to calculate the
homology of My(¥).

For example, for d =5 and k > 3 one gets the following Poincaré
polynomial:

53]

Pé‘(t) — ka3 Z 4
i=0
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For d = 4 we get extension problems when passing to the
homology of the filtrations.
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odd degrees (starting in degree 9), so there is no extension
problem.
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For d = 4 we get extension problems when passing to the
homology of the filtrations. For d = 5 the homology is always in
odd degrees (starting in degree 9), so there is no extension
problem.

If we define
tm-i-l -1

for m > 0, we can express the Poincaré polynomial using
Hausmann-Knutson as

k—2
Pi(t) = 14t (ai—an2-i) (Re-ai(t?) = Rica(t?))
i=0
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For d = 4 we get extension problems when passing to the
homology of the filtrations. For d = 5 the homology is always in
odd degrees (starting in degree 9), so there is no extension
problem.
If we define

tm-i-l -1
for m > 0, we can express the Poincaré polynomial using
Hausmann-Knutson as

k—2

Pi(t) = 14t (ai—an2-i) (Re-ai(t?) = Rica(t?))
i=0

where k = |22 | and Ry (t) =0 for m < 0.
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For m > 0 let

Qom(t) = Rm(t)- Rm(t)
Qm+1(t) = Rmi1(t) - Rm(t).
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For m > 0 let

Qom(t) = Rm(t)- Rm(t)
Qm+1(t) = Rmi1(t) - Rm(t).

For example,

Qe(t) = 1+2t+3t2+43+3t%+2¢° 45
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For m > 0 let

Qom(t) = Rm(t)- Rm(t)
Qm+1(t) = Rmi1(t) - Rm(t).

For example,
Qe(t) = 1+2t+3t2+43+3t%+2¢° 45

Theorem

Let ¢ € R" be a generic length vector with ag(¢) # 0. Then the
Poincaré polynomial of Ms({) is

k—2

Pe(t) = 141t (ai—an2-i) (Quo-i(t*) — Qia(t?)),

i=0

where k = || and Q(t) =0 for m < 0.
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Remarks

The Poincaré polynomial for Mjp+1(¢) with n > 3 can be
calculated in principle.
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Remarks

The Poincaré polynomial for Mjp+1(¢) with n > 3 can be
calculated in principle.

Foth-Lozano ('04) have established a real analytic isomorphism
between Ms(¢) and a quotient of the weighted quotient of (HP)"
by the diagonal action of PSL(2,H). This is analogous to a result
of Kapovich-Millson obtaining a complex analytic equivalence
between M3(¢) and the weighted quotient of (CP!)" by
PSL(2,C).

Dirk Schiitz Homology of moduli spaces of linkages



Remarks

The Poincaré polynomial for Mjp+1(¢) with n > 3 can be
calculated in principle.

Foth-Lozano ('04) have established a real analytic isomorphism
between Ms(¢) and a quotient of the weighted quotient of (HP)"
by the diagonal action of PSL(2,H). This is analogous to a result
of Kapovich-Millson obtaining a complex analytic equivalence
between M3(¢) and the weighted quotient of (CP!)" by
PSL(2,C).

For even d > 4 we have the same kind of extension problem as in

the case d = 4, but we can give a formula for the Euler
characteristic, and also some Morse-type inequalities.
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